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We have discussed here the Magnus force acting on the vortices and skyrmions in the quantum 
Hall systems. We have found that it is generated by the chirality of the system which is associated 
with the Berry phase and is same for both the cases. 

PACS numbers: 11.15.-q, 12.39.Dc, 73.43.-f 

In recent times, the topological excitations near the filling factor = 1 in quantum Hall effect have 
drawn much attention There are two kinds of topological excitations in single layer quantum Hall 

systems. When the system is fully polarized the relevant charged quasiparticles are topological vortices. 
At v = the charge and spin of such a vortex is and 2(2n+i) respectively. In a remarkable paper 
Sondhi et. al. [1| have argued that for a weak Zeeman coupling the lowest energy charged quasiparticle is 
a topological soliton or skyrmion. The charge is still 2n+i tiut the total spin can be substantially larger. 
This large spin with moderate charge explains the observed depolarization when the filling factor slightly 
deviates from v = 2n+i • Indeed, the difference between a vortex and a skyrmion is that, a vortex is fully 
polarized while inside the skyrmion core there is some number of electrons with reversed spins. It may 
be noted that there is an interplay of two factors, namely the Zeeman and the Coulomb energy. Vortex 
solutions exists for any value of the Zeeman coupling and is well known from the studies on the vortices 
in the Ginzburg-Landau model of the fully polarized quantum Hall effect 4] . For weak Zeeman coupling 
the relevant quasiparticles are the skyrmions. In this letter, we have studied the Magnus force acting 
on these skyrmions and vortices from their topological properties when it is studied in terms of 3 + 1 
dimensional nonlinear sigma model and found that they are the same. 

To investigate the dynamics of vortices and skyrmions we begin with the Landau-Ginzburg theory 
of the Hall effect introduced by Zhang, Hansson and Kivelson Q and modified by Lee and Kane |^ to 
incorporate the effect of the spin. For spin 1/2 particles if we set h ~ e = c = 1, the Lagrangian can be 
written as 

L= *^[ao-i(ao + Ao)]*^- -^\[^^-i{a^ + Ai)]^„\'^ 

Zm* 

-^{^a'fa- pof + j^e^''"a^d,ac. (1) 

Here ^'o- is a two-component Bose field with effective mass m* and short-range repulsive interaction A, 
which couples to the external and statistical gauge fields Ai and ai{i = 0,1,2). Here po is the uniform 
density + |02p at filling factor v = 2n+i ■ order to separate the charge and spin degree of 

freedom, we explicitly separate the magnitude and U{1) and SU{2) phases of : ^'o- ^ y/p4>Za with 
4>(f) = Y^Za = 1. By direct substitution and keeping the leading-order gradient terms we obtain 

L = p[(j)dn(l) + Y^doZa - i(ao + Aq)] - — ^109^0 -f z<j9iZcr - i{ai + Ai)\^ 

Zm* 

+ {z.d.zaf] - \{p-po? + ^e'^''"a^a.a„ (2) 
We now note that we have the identity 



^[|9.z.P + (z.a.z.f] = ^(Vnf (3) 
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where Vn = {din, 8211) with n = ZaUapZa, (Ja/3 being PauH matrices. We now introduce Hubbard- 
Stratonovich fields J to decouple the second term of eqn.(2) to obtain 

L = ip[(j)do(f> + ZadoZcr - i{ao + Aq)] + i[(f)di(t) + ZadiZ„ ~ + Ai)]Ji + — |Jp 



2p 



8m* - 2 (-^^ ~ + ^^'""a.d.a^ (4) 

where J is the three vector p — ( Jq, Ji, J2). After integrating out the longitudinal fluctuations in 0, we 
have the conserved current relation 9^ = 0, which can be satisfied by taking as the curl of a three 

dimensional vector field. We can now set jjf' — (po,0,0) equal to e^,^xd^A^^^ and 

- Jj^^ = Cm-a^.^a (5) 

Now, following Stone 0, we integrate out the Chcrn-Simons field and using the relation 26 po = eBz, 
we can write 

L = 2n[j;fiA, + A^^y) + J^iA,+Ai^^)]~e\JrA, 

,"1*t2 P i^^2 A [0] 2 (6) 

where 

= ^e,,Mdx(p (7) 

J a = -^.f^tJ,v\duZod\Z„ (8) 
ZTTl 

are the skyrmion and vortex three currents, respectively. It is observed that the skyrmion current can be 
written in the familiar form 



= — e^^An.(9^n x dxn) (9) 



1 

47r " 

Now setting p = po in the kinetic energy term and adjusting the units of length and time such that 
c = ^yXpo/Tn*, the velocity of density wave in the absence of the magnetic field becomes unity and 
defining the field strength tensor J^^^ — d^^Au — d^A^, we can write 



L = 27T{j^iA, + + j;f{A^ + 4?)] - lee^..A,:F, 



2 ^ (10) 



It is observed that here A^ is a topologically massive gauge field and just represents the background 
field. 

To study the Magnus force on these vortices and skyrmions, we now take resort to the spherical 
geometry. In a recent paper we have studied quantum Hall skyrmions in terms of the 3 + 1 dimensional 
nonlinear sigma model where we have taken a system of 2D electron gas residing on the surface of a 3D 

sphere with a monopole at the centre. We note that taking the spin variable z = Uzq where Zq = ^ g 

and U e SU{2), we may write the nonlinear sigma model Lagrangian in terms of U. The 3 + 1 dimensional 
generalization of the skyrmion current can now be defined as 

= 7;^ e^.x.Tr[{U-^dM){U-^dxU){U-^d,U)] (11) 
z47r 

where it is associated with an 0(4) nonlinear sigma model with U defined as 

[/ = TTo + iV."? , U e SU{2) (12) 
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where a are Pauli matrices and tt are chiral boson fields, satisfying the constraint 

Trg + = 1 (13) 

The 3 + 1 dimensional generalization of the vortex current can be written as 

= etj.i'\ad^(t)d),(l)da(j) (14) 

In a pure gauge, we can take a gauge field i?^ such that 

= d^c^ (15) 

Now noting that vortex -antivortex pair can be taken as an SU(2) doublet, we may consider as an 
SU{2) gauge field and write 

= if-^d^U, U e SU{2) (16) 

In view of this, we can write the vortex current taking into account proper normalization 

J-J = ^ e^.,x^Tr[{U-^d,U){U-^dxU){U~^daU)] (17) 

Thus comparing eqn.(ll) and eqn.(17) we note that the skyrmion current and vortex current can be 
written in a similar form which is also shown by Duan et. al. 



SU{2) and the 6'-tcrm in the form 



In 3 + 1 dimensions we can generalize the Lagrangian (10) with non-Abelian gauge field ^^[.4}^ 



A/2 

L = 27r[J'^^(^^+4"l)+J'J(^^+4"l)]- Tr{d,U^d,U) 

e 1 

Tr *T T Tr T T^^'" 

lOTT^ ^ 4 

Here 9 — g/<? with g = ve^ jh as Hall conductivity and *J7ii/ is a Hodge dual given by 



The third term in eqn(18) is the 0-term which is the 3 + 1 dimensional relative to the 2 + 1 dimensional 
Chern-Simons term. It is noted that the 0-term is related to chiral anomaly and Berry phase fl^ . Indeed, 
it is a four divergence and we can write 



167r 

where il^ is the Chern-Simons characteristic class given by 



\ Tr = d^^^, (20) 



1 2 

f^M = --^^t.^\aTr{AuTxa + -AuAxAa) (21) 



When a fermionic chiral current interacts with a gauge field, we may define 

.11 = 4 + 2 (22) 

where is the axial vector current so that 5*7^ 75 5", we have 9^J^ = whereas 9^ 7^ 0. Indeed, we 
have the chiral anomaly given by 



8^4 = -2 d^n^ = ^^'' (23) 
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The Pontryagin index is given by 

q = 2fi 



1 



167r2 



- J d,4d'x (24) 

Here fi represents a magnetic charge. The Berry phase e**^ is associated with the chiral anomaly [Tol[T]| 
through the relation 



<^>B = 27r/x (25) 

In Euclidian space-time if we demand J-^^i, = 0, then the gauge potential tends to a pure gauge in the 
limiting case towards the boundary i.e. we can take 

A = U-'d^U, U e SU{2) (26) 

This gives 

= e^,^x^Tr[{U-^d,U){U-'dxU)iU-'daU)] (27) 

Comparing this with eqn(ll) we note that fi^ can be related to the skyrmion current. It is noted that 
on the boundary where JF^^ = 0, we have d^Vl^ = as is evident from eqn.(23). However, inside 
the volume where JF^jy ^ 0, fi^ is associated with Berry phase as follows from eqn.(24). On the 
boundary of a volume V'^, the term T^^T^^'^ in the Lagrangian (18) gives rise to the skyrme term 
[dfjUU~^ ^dyUU~'^Y' in this limiting case. This ensures the stability of the skyrmion so that it does not 
shrink to zero size. Here also appears as a topologically massive gauge field as it has been shown 
elsewhere that when a gauge field interacts with a chiral current it acquires mass topologically through 
chiral anomaly [l^ . 

If we take the compactified 3-sphere we have the winding number associated with the homotopy 
H3(53) ^ z 

<Z = 2/x = ^ j^^ dS^e^,xaTr[iU-'d,U)iU-'dxU)iU~^d,U)] (28) 

This effectively represents the geometric phase associated with the 0-term in the nonlinear sigma model 
action. 

The configuration of a skyrmion is such that spins wrap an unit sphere with a Dirac flux quanta within 
it and the resultant spin arising out of spin reversals will give rise to a specific chirality. When a skyrmion 
of charge a {a — 2n+i ) ^^o^^^ around a closed path, the Berry phase is given by 2'KaN where N is the 
number of skyrmions enclosed by the path as is evident from eqn.(25). The Magnus force is now 
given by 

F = 2TTaNc X V (29) 

where c represents the axis of resultant chirality and V is the velocity of the skyrmion with respect to 
the quantum Hall fluid. 

When the Zeeman energy is large, i.e. the vortices are the dominant excitations in the system, these 
vortices will also experience a similar Magnus force. Since the two currents are of similar form, the vortex 
current can also be associated with the chiral anomaly giving rise to the Berry phase. We know that 
topologically a vortex is equivalent to a magnetic flux, so when a vortex moves in a closed path, the Berry 
phase is given by 2naN where a = 2n+i charge of the vortex and N is the number of vortices 
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enclosed by the loop. The Magnus force is given by the vector product of the vorticity and the velocity 
relative to the quantum Hall fluid. 

F = ±2T:aNz x V^ortex (30) 

where ± corresponds to a vortex parallel (antiparallel) to the z-direction and V^o^tea; is the vortex 
velocity. Thus a comparison between eqn.(29) and eqn.(30) suggests that the Magnus force experienced 
by a vortex and a skyrmion in a quantum Hall fluid is the same. This is consistent with the result 
obtained by Dziarmaga [T3 |. 

This analysis supports the Ao-Thouless theory j^^l of Magnus force which associates the Magnus force 
with the Berry phase. In this scenario, the skyrmion current as well as the vortex current effectively 
represents a chiral current which is associated with the chiral anomaly when it interacts with a topo- 
logically massive gauge field. The Magnus force is generated by the background field associated with 
the chirality of the system. Finally, we may mention that in a recent paper we have analyzed the 
Magnus force acting on vortices in high temperature superconductivity and is also found to be generated 
by the background field associated with the chirality of the system. We observe here that if we study 
the Magnus force from the topological properties of the excitations concerned the Magnus force acting 
on vortices and skyrmions in quantum Hall fluid as well as on vortices in high Tc superconductivity is of 
similar origin. 
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